One aspect of the quantum nature of spacetime is its "foaminess" at very small scales. We reassess previous proposals to use astronomical observations of distant quasars and AGN to test models of spacetime foam. We show explicitly how wavefront distortions on small scales cause the image intensity to decay to the point where distant objects become undetectable when the path-length fluctuations become comparable to the wavelength of the radiation. We use X-ray observations from Chandra to constrain on the parameter α in the expression for cosmic phase shifts to be 0.58, which rules out the random walk model (with α = 1/2). Here α is defined by the expression for the path-length fluctuations, δ , of a source at distance , wherein δ 1−α α P , with P being the Planck length. Much firmer constraints can be set utilizing detections of quasars at GeV energies with Fermi, and at TeV energies with ground-based Cherenkov telescopes: α 0.67 and α 0.72, respectively. These limits on α seem to rule out predictions of α = 2/3 for the holographic model. We also discuss the less certain possibility that spacetime foam may directly blur images by deflecting photon trajectories. We show that these are not essential to constraining models of space-time foam. However, we demonstrate that X-ray microlensing studies of quadruply lensed quasars indicate that any blurring in the X-ray band must be at levels smaller than a micro-arcsecond, even when accumulated over cosmological distances.
INTRODUCTION
Even at the minute scales of distance and duration examined with increasingly discriminating instruments, spacetime still appears to be smooth and structureless. However, a variety of models of quantum gravity posit that spacetime is, on Planck scales, subject to quantum fluctuations. As such, the effect of quantum gravity on light propagation (if detected) can possibly reveal a coupling to vacuum states postulated by Inflation and String Theories. In particular, the "Holographic Principle" ('tHooft 1993; Susskind 1995; Aharony et al. 2000) which, as discussed below, plays an important role in connecting black hole physics with quantum gravity and information theory (Hawking 1975) , implies that spacetime foam may be detectable via intensity-degraded or blurred images of distant objects. Thus, the work discussed below offers both a probe for quantum gravity and an observational test of the holographic principle.
The fundamental idea is that, if probed at a small enough scale, spacetime will appear complicated -something akin in complexity to a turbulent froth that Wheeler (1963) has dubbed "quantum foam," also known as "spacetime foam." In models of quantum gravity, the foaminess of spacetime is a consequence of the Energy Uncertainty Principle connecting the Planck mass and Planck time. Thus, the detection of spacetime foam is important for constraining models of quantum gravity. So, if a foamy structure is found, it would require that space-time itself has a probabilistic, rather than deterministic nature. As a result, the phases of photons emitted by a distant source would acquire a random component which increases with distance. Furthermore, the recent discovery of polarization in the CMB by BICEP2 (Ade et al. 2014) , if confirmed, also provides evidence for imprints of quantum gravitational effects from the inflationary era appearing on the microwave background. Although these effects originate from an epoch vastly different than the present time, they may be associated with a theoretically expected chaotic (e.g., foamy) inflation of space-time (for a recent review, see Linde 2014 and references therein). Therefore, searching for evidence of quantum foam in the present era, which is actually slowly inflating because of dark energy, may also be helpful in providing observational support for theories of quantum gravity's role in inflation.
All of the effects discussed in this work depend explicitly on the accumulation power α, which specifies various different models for spacetime foam. There is no one model for spacetime foam, so α can, in principle, be treated as a free parameter to be determined from observations. In this picture, the path length fluctuations in propagating light beams accumulate according to δ 1−α α P , where is the distance to the source and P is the Planck length. In spite of the lack of a well-defined model for spacetime foam, some theoretical models for light propagation have been developed that specify α and thereby allow insight arXiv:1411.7262v1 [astro-ph.CO] 26 Nov 2014 into the structure of spacetime foam on the cosmic scale. The most prominent models discussed in the literature are:
1. The random walk model (Amelino-Camelia 1999) .
In this model, the spacetime foam effects grow like a random walk, corresponding to α = 1/2.
2. The holographic model (Karolyhazy 1966; Ng & van Dam 1994 , 1995 , so-called because it is consistent (Ng 2003) with the holographic principle ('tHooft 1993; Susskind 1995) . In this model, the information content in any three-dimensional region of space can be encoded on a two-dimensional surface surrounding the region of interest, like a hologram. (This is the restricted form of the holographic principle that we are referring to.) The holographic model corresponds to a value of α = 2/3 . Consistent with Christiansen et al. (2011) , we calculate via quantum computation, i.e., δ 1.8
1/3 2/3 P . 3. The original Wheel conjecture, which in this context means that the distance fluctuations are anticorrelated (Misner et al. 1973) , in which case there are no cumulative effects, so that the distance fluctuation remains simply the Planck length. This corresponds to α = 1 and spacetime foam is virtually undetectable by astronomical means.
In this paper, we discuss the use of astronomical observations of distant sources to test models of quantum gravity. We concentrate particularly on observations at high energies with the Chandra X-ray Observatory in the keV range, the Fermi Observatory in the GeV range, and ground-based Cherenkov telescopes in the TeV range. Short-wavelength observations are particularly useful in constraining quantum gravity models since, in most models of quantum gravity, the path-length fluctuations and the corresponding phase fluctuations imparted to the wavefront of the radiation emitted by a distant source are given by: δφ 2π where λ is the wavelength one is observing, the parameter α 1 specifies the different space-time foam models, and is the line-of-sight co-moving distance to the source. In Perlman et al. (2011) , we considered the possibility of using data from Chandra and opined that, based on its optical design, it was not suitable for detecting fluctuations due to quantum foam. In this paper, we reconsider that conclusion. We go on to make use of even higher energy detections of discrete, distant sources in the GeV and TeV bands.
The present paper is organized as follows. In §2 we discuss the phase fluctuations imparted to a wavefront by the spacetime foam, and the effect that this would have on images of distant astronomical objects, including degrading them to the point where they become undetectable. We also briefly consider the possibility that the spacetime foam may directly deflect the direction of the propagating light, thereby blurring the image. If this would be true, then it might lead to even more stringent constraints on α. In §3 we utilize the existence of wellformed (i.e., 1 ) Chandra X-ray images to constrain the spacetime foam parameter α, while in §4 we set yet tighter constraints on α using the lower resolution (i.e., ∼1
• ) Fermi, and even ground-based Cherenkov telescope images at TeV energies. Here the constraints on α apparently rule out the value of α = 2/3 predicted by the holographic model. We summarize our results in §5. In the following Appendix A we show formally how the image of a distant point source degrades with increasing phase fluctuations superposed on the wavefront. In Appendix B.1 we discuss coherence in X-ray imaging, while in Appendix B.2 we show how stellar microlensing, as observed in the X-ray band, significantly constrains the angular blur size of distant astronomical objects in the X-ray band to less than a micro-arcsecond.
EFFECTS OF THE PUTATIVE SPACETIME FOAM ON ASTRONOMICAL IMAGES
We take a fresh look here at the effects that the hypothesized spacetime foam may have on images of distant point-like astronomical objects. As discussed in the Introduction, there are good reasons to believe that spacetime foam will produce small phase shifts in the wavefronts of light arriving at telescopes. We first examine quantitatively the effects on astronomical images due to the expected phase shifts as a function of the parameter, α ( § 2.1). It is also possible that, in addition, to adding phase ripples to the wavefronts of light entering telescopes, photon directions will be directly perturbed. We briefly discuss this possibility in §2.2.
2.1. Effects of phase ripples on the wavefront of a distant astronomical object According to the expression given by Eqn. (1), the fluctuations in the phase shifts over the entrance aperture of a telescope or interferometer are described by ∆φ(x, y) 2π
where {x, y} are the coordinates within the aperture, at any time t, and where is the line-of-sight comoving distance to the source (see discussion in Christiansen et al. 2011) , and P is the Planck length. Given that the Planck scale is extremely small, we envision that ∆φ(x, y) can be described by a Gaussian random field with rms scatter
without specifying exactly on what scale in the x−y plane these phase distortions are correlated (if any). However, for purposes of this work we assume that the fluctuations are uncorrelated down to very small scale sizes δx × δy, perhaps even down to the Planck scale itself. It turns out that as long as δφ rms 0.6 radians (or δ rms 0.1λ; as we show below), then the Strehl ratio, which measures the ratio of the peak in the point spread function ('PSF') compared to the ideal PSF for the same optics, is given to a good approximation by In addition, if these phase shifts are distributed randomly over the aperture (unlike the case of phase shifts associated with well-known aberrations, such as coma, astigmatism, etc.) then the shape of the PSF, after the inclusion of the phase shifts due to the spacetime foam is basically unchanged, except for a progressive decrease in S with increasing δφ rms -as we show next and discuss in further detail in Appendix A.
We have carried out numerous numerical simulations of various fields ∆φ(x, y) ranging over different rms values and different correlation lengths within the aperture. Our simulations consisted of a circular aperture that is 1024 pixels in diameter, embedded in a square array of 4096 × 4096 pixels. The type of calculation we have carried out is illustrated in Fig. 1 . We show the aperture function with its Gaussian random phase fluctuations in the upper panel. The middle panel shows the absolute magnitude of the 2D Fourier transform of this aperture/phase function. We then take the results from the middle panel and plot the azimuthally averaged radial profile in the lower panel. Figure 2 shows a sequence of these PSFs, in the form of radial profiles, for a range of increasing amplitudes of random phase fluctuations. As can be seen, there are three major effects: (i) the peak of the PSF is decreased; (ii) beyond a certain radial distance, the PSF reaches a noise plateau; and (iii) in between, the shape (including the slope) of the PSF is unchanged by the increasing phase fluctuations. For sufficiently large amplitude phase fluctuations the entire central peak ultimately disappears and the image is undetectable. (For a formal discussion see Appendix A.)
Finally, in Figure 3 , we show a summary plot of the Strehl ratio, as computed from the numerical simulations, as a function of the rms phase fluctuations (expressed in units of λ). The superposed curve is just a plot of the approximate analytic expression for the Strehl ratio given by Eqn. 4. Not surprisingly, the match is essentially perfect.
Since we do not know the intrinsic luminosity of distant quasars we cannot use the Strehl ratio itself to set constraints on the degree of rms phase fluctuations due to the intervening spacetime foam. In addition, for Gaussian random fields of phase fluctuations we have shown that the shape of the PSF does not change materially as the rms phase fluctuations increase. All that we are able to conclude, is that if δφ rms exceeds a certain critical value of ∼π radians, then the quasar intensity would basically be degraded to the point where it would no longer be detected.
The above work allows us to invert Eqn. (3) to set a generic constraint on α for a few typical distances, , to remote quasars as a function of the wavelength, λ, used in the observations. What we find is that
We show in Fig. 4 a plot of the limit that can be set on the parameter α as a function of measurement wavelength, for four different values of the comoving distance. The result is an essentially universal constraint that can be set simply by the detection of distant quasars as a function of the observing wavelength. We shall discuss the effect -Sequence of radial profiles of the numerically computed PSFs for a progression of rms amplitudes of the phase shifts (assumed to be Gaussian random fields). The rms phase shifts range from 0.01 λ to 0.5 λ, as indicated by the color coding. Note how the shape of the PSF for small angles is nearly unchanged until it plateaus into the background. of this more correct understanding of the constraints one can set on α using observations in X-rays and γ-rays in upcoming sections ( §3 and §4, respectively). However, in the optical, contrary to previous works, this work constrains α to only α > 0.53, i.e., ruling out the random walk model, but not coming close to the parameter space required for the holographic model. Christiansen et al. (2011) and Perlman et al. (2011) adopted the hypothesis that the rms phase fluctuations, δφ, might also be directly interpretable, to within the same order of magnitude, as the diameter of a spacetime foam induced "seeing disk" for a distant source, dψ. If that were the case, then spacetime foam would have a much more profound effect on the image quality by directly blurring the images (see Fig. 1 of and Fig. 1 of Perlman et al. 2011) , constraining the parameter space to a much greater degree, cf. α > 0.655. Such an interpretation would then allow Chandra X-ray observations to rule out the holographic model (see Fig. 1 of Christiansen et al. 2011) . We now believe that this previous understanding was incomplete.
Possible direct photon deflection by spacetime foam
In addition to the direct effect of phase fluctuations on the images of distant astronomical objects, there is also the possibility of macroscopic deflection of photons by the spacetime foam. This is similar to the arguments presented by previous workers, e.g., Ragazzoni et al. (2003) , who assumed in their analysis that the phase fluctuations induced could be analyzed as an angular scattering, an argument that we discussed previously in Christiansen et al. (2006) .
We can construct several dimensional analyses, i.e., back-of-the-envelope calculations that might suggest that direct deflections of light trajectories are possible. This might even include photon scattering from Planck fluctuations. However, at this point, these calculations require ad hoc assumptions which go beyond the fundamental theoretical basis of the alpha models discussed above. Therefore, in this work, we utilize only the more robustly estimated effects of phase fluctuations for setting constraints on the spacetime foam parameter α.
We discuss in Appendix B the constraints that can be set on the sharpness of the X-ray images of distant objects via direct X-ray imaging (Appendices B.1.1 and B.1.2) and via microlensing effects on quasar images (Ap- Fig. 4 .-Constraints on the parameter α, for four different comoving distances to the object, respectively 300 Mpc (z ≈ 0.07), 1 Gpc (z ≈ 0.25), 3 Gpc (z ≈ 1) and 10 Gpc (z ≈ 12). The two horizontal lines refer to the holographic and random-walk models, respectively, as labeled. The vertical dashed lines represent the optical (5000Å), X-ray (5 keV), GeV and TeV wavebands. pendix B.2). While these limits are remarkable, we do not yet know how to interpret them in terms of constraints on α.
CHANDRA X-RAY IMAGES OF QUASARS
Several dozen high-redshift (z > 2) quasars have been observed with Chandra as the specific target of an observation, as well as serendipitously when they happen to be in the same field as another object being observed. The ideal observations for demonstrating the sharpness of X-ray images of distant quasars are of relatively bright sources that have long exposure times.
We therefore searched the Chandra archive for on-axis observations of bright, distant quasars. If the source was unresolved, the goal was to be able to obtain a radial profile of the nuclear source out to at least ∼ 4 from the central object, by which point the relative flux from a theoretical PSF is 1000 times fainter than at its maximum. This will both ensure a high-quality limit on the nuclear FWHM and also enable us to disentangle emission from the nuclear source from any extended emission, whatever its shape might be 7 .
7 In spite of the fact that we will not use the sharpness of the All data were downloaded from the Chandra archive, and reduction was performed using the Chandra Interactive Analysis of Observations (CIAO) software 8 , version 4.6.1. All observations were taken with the telescope aimpoint on the Advanced CCD Imaging Spectrometer (ACIS) S3 chip. The data were reprocessed using the CALDB 4.6.1.1 set of calibration files (gain maps, quantum efficiency, quantum efficiency uniformity, effective area) including a new bad pixel list made with the acis run hotpix tool. The reprocessing was done without including the pixel randomization that is added during standard processing 9 . This omission slightly improves the point-spread function (PSF). The reprocessing also included the use of the EDSER algorithm (Kastner et al. 2002; Li et al. 2004 ) to adjust the location of each event. The data were filtered using the standard ASCA grades and excluding both bad pixels and software-flagged cosmic-ray events.
X-ray image to directly constrain α, we nonetheless attempt to quantify the quality of the fit to the expected PSF for future reference (see, e.g., Appendix B)
8 http://asc.harvard.edu/ciao/ 9 http://cxc.harvard.edu/ciao4.4/why/acispixrand.html
The observations of PKS 0458−020 (z = 2.286) and APM 08279+5255 (z = 3.912) were ideal for studying images of distant quasars due to their high X-ray luminosity and the long exposure times of their observations. Following the data reduction procedure above, we obtained radial profiles of the quasars using FUNTOOLS. These profiles were then compared to calculated model profiles for on-axis observations obtained using ChART (Carter et al. 2003) , which simulates the best available point-spread function for observations at any position. The same radial regions were used for the profiles of both sources to enable direct comparability. The result of this procedure is shown in Figure 5 . As can be seen, both of the quasars have completely unresolved nuclei, with their radial profiles following that of the Chandra PSF to within the 1σ errors to at least 3.5 in the case of PKS 0458-020, where extended emission is seen, and out beyond 6 in the case of the completely unresolved quasar APM 08279+5255. Thus the available imaging data constrains the halo size for a z ≈ 4 object to no larger than 0.7 (using the 80% encircled energy figure cited in Appendix B.1.1).
In summary, the existence of these high quality X-ray images from z = 2.2 -3.9 quasars allow us to constrain α to be α 0.58 (see Fig. 4 and Table 1 ).
CONSTRAINTS FROM GAMMA-RAY OBSERVATIONS
The simulations we have done indicate that we can better constrain the parameter α using even higher energy radiation than X-rays. Equation (3) shows that for a given source distance, , the rms phase shifts over the wavefront are proportional to λ −1 . For the larger interesting values of α (i.e., α 2/3, tending to exclude the holographic model) Eqn. (3) indicates that for in the range of 100 Mpc to 3 Gpc, the expected phase shifts in the X-ray band are only 10 −4 radians. This is far too small to result in any noticeable effect on the Xray images (unless direct deflection of the X-rays by the spacetime foam is possible; see Sect. 2.2). However, for γ-ray energies (E γ 1 GeV) the wavelengths are sufficiently short that the phase shifts can exceed π radians for α 2/3. Thus, the mere detection of well-localized γ-ray images of distant astronomical objects allows us to place serious constraints on the larger values of α (i.e., near to, or greater than, 2/3).
For all γ-ray wavelengths of 10 −13 cm or shorter, i.e., photon energies of a GeV or higher, our test of spacetime foam should be able to yield a verdict on the holographic model. However, GeV and TeV γ-rays have the problem that they have wavelengths smaller than atomic nuclei, making their detection by geometrical optics techniques impossible. Gamma-ray telescopes rely on the detection of the cascades of interactions that happen when γ-rays impinge on normal matter, whether the intervening medium be the CsI crystals used in Fermi (Atwood et al. 2009 ), or the Earth's atmosphere in the TeV (e.g., Aharonian et al. 2008) .
The combination of the above suggests that if we can demonstrate the detection of large numbers of well localized, cosmologically distant sources in the γ-ray band (either at GeV or, particularly, TeV energies), with reasonable angular resolution, then we have a very powerful test of spacetime foam models. For this we start with GeV γ-rays, where the dominant extragalactic sources , as compared to a theoretical PSF. These are the two deepest Chandra images of high-redshift quasars that exist in the archive (while Chandra has imaged quasars at redshifts up to z = 6.2 the vast majority of those have been for detection purposes only and are not up to the high statistical quality of those presented here. Fig. 4 are distant blazers. Indeed, the Fermi gamma-ray space telescope team has firm identifications for hundreds of AGN (see GeV. In all cases, above ∼1 GeV, the image is well formed and localized to better than ∼20 , especially at the higher energies. Bottom panels: Fermi images of 3C 279 (z = 0.536, = 2 Gpc) in three different energy bands ranging from ∼1 GeV to 30 GeV.
( 2 Gpc). The detection of a large number of GeV γ-ray emitting blazars, sets a constraint of α > 0.67 on space-time foam models, i.e., disfavoring the holographic model, but perhaps not decisively.
At higher, TeV energies, there are several telescopes and telescope arrays. For example, VERITAS is an array of four 12m-diameter imaging atmospheric Cherenkov telescopes located at the Fred Lawrence Whipple Observatory in southern Arizona. VERITAS is designed to measure photons in the energy range 100 GeV to 30 TeV with a typical energy resolution of 15-20%. VER-ITAS features an angular resolution of about 0.1
• in a 3.5
• field of view (Holder et al. 2006 , Aharonian et al. 2008 , Kieda et al. 2013 ). The performance characteristics of VERITAS are reasonably similar to those of the other major TeV arrays (e.g., HESS, Giebels et al. 2013; MAGIC, Aleksic et al. 2014a,b) in terms of angular resolution. Together, the TeV telescopes have detected 55 extragalactic sources, all but three of which are distant blazars 10 . The highest redshift source to have been detected in the TeV γ-rays is S3 0218+35, a gravitationally lensed blazar at z = 0.944 (Mirzoyan et al. 2014 ). All of the extragalactic sources known are unresolved with the TeV telescopes.
The detection of a large number of TeV γ-ray emitting blazars, sets a constraint of α > 0.72 on space-time foam models, i.e., strongly disfavoring, if not altogether ruling out the holographic model. See Table 1 for a summary of our constraints on α at different wavelengths.
SUMMARY AND CONCLUSIONS
In this work we have discussed how spacetime foam can introduce small scale fluctuations in the wavefronts of distant astronomical objects. We have shown that when the path-length fluctuations in the wavefront become comparable to the wavelength of the radiation, the images will basically disappear. Thus, the existence of distant astronomical images can be used to put significant constraints on models of spacetime foam.
The existence of clear, sharp (i.e., arc-second) Chandra X-ray images of distant AGN and quasars, at intensities that are not very far from what is expected based on similar objects at closer distances, tells us that the parameter α must exceed 0.58. This rules out the so-called "random walk" model (α = 1/2; see § 1).
Perhaps the strongest constraints of all now come from the detection of large numbers of cosmologically distant sources -mostly blazars -at GeV and TeV γ-ray energies. These detections limit α to values higher than 0.67 and 0.72, at GeV and TeV energies, respectively. This strongly disfavors, if not completely rules out, the holographic model.
In addition, we have shown in this work (Appendix B) that direct Chandra X-ray imaging of quasars can constrain cosmic blurring to be 1 . We discuss the notion that this resolution, while far less than the potential diffraction limit of the Chandra mirrors, nonetheless requires diffraction limited reflection over small portions of the mirrors.
We also utilize the results of stellar-induced microlensing of distant quasars (Appendix B.2) to even more stringently constrain any cosmic blurring in the X-rays to be less than of order a micro-arcsecond, i.e., 10 −11 radians, when accumulated over cosmological distances. This very stringently rules out any direct scatterings from spacetime foam at the micro-arcsecond level. This confirms the argument of Christiansen et al. (2006) that space-time foam induced effects cannot be modeled by direct deflection of photons. In the future, these constraints on the "sharpness" of distant X-ray images may further constrain models of spacetime foam.
We should recall that the spacetime foam model parametrized by α = 2/3, as formulated (Ng & van Dam, 1994 , 1995 , is called the 'holographic model' only be-cause it is consistent (Ng 2003) with the holographic principle; the demise of the model may not necessarily imply the demise of the principle since it is conceivable that the correct spacetime foam model associated with the holographic principle can take on a different and more subtle form than that which can be given by δ ∼ 1/3 l 2/3 P . It is important to be clear: what we are ruling out (subject to the caveat mentioned above) are the models with α < 0.72 for the spacetime foam models that can be categorized according to δ ∼ 1−α α P . On the other hand, it is legitimate to ask what, if any, is (are) the implication(s) that the α = 2/3 spacetime foam model is indeed ruled out. We recall that, aside from simple quantum mechanics, essentially the only ingredient that has been used (Ng & van Dam 1994; 1995) in the derivation of the result δ ∼ 1/3 l 2/3 P is the requirement that the mass (M ) and size (l) of the system under consideration satisfy M < lc 2 /2G because we need information about the system to be observable to outside observers. Now one way that this requirement can be waived is that gravitational collapse produces apparent horizons but no event horizons behind which information is lost, which has recently been proposed by Hawking (Hawking 2014 ); see also Mersini-Houghton (2014) . It is tempting to interpret our result that the spacetime foam model for which α = 2/3 is ruled out as the first albeit indirect observational affirmation of the idea that gravitational collapse indeed does not necessarily produce an event horizon.
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APPENDIX

A. DEGRADATION OF IMAGES DUE TO 'PHASE SCREENS'
To help understand what images of distant, unresolved sources look like after propagating to the Earth through an effective 'phase screen' (due to spacetime foam) consider an idealized telescope of aperture D forming the image. Conceptually, the potential image quality contained in the information carried by the propagating wave is independent of whether an actual telescope forms the image, but rather depends only on the phase fluctuations imparted to the wavefront. Nonetheless, conceptually, it is easier to think of a conventional set of optics forming the image.
In that case, the image formed is just the absolute square of the Fourier transform of the aperture function, specifically the Fourier transform of e iδφ(x,y) over the coordinates {x, y} of the entrance aperture. This complex phase screen can be broken up into two parts as:
and δφ(x, y) can be considered to be, in our picture of spacetime foam, a Gaussian random field with a certain rms value of ∆Φ ≡ δφ rms . For small ∆Φ, Eqn. (A1) can be written as P (x, y) 1 + iδφ(x, y). The Fourier transform of this evaluated over the aperture is the Airy disk function, 4J 1 (πθD/λ) 2 /(πθD/λ) 2 , with a small amount of white noise superposed. At the opposite extreme, for very large values of ∆Φ, both the real and the imaginary parts of P become randomly fluctuating between −1 and +1 with no correlations from point to point within the aperture. The Fourier transform of such a white noise field is just Gaussian white noise. In other words, no image is formed, and the radiation is dispersed in all directions.
The question of how the image degrades with increasing rms phase fluctuations, ∆Φ, can be answered by computing the mean and rms values of cos δφ(x, y) and sin δφ(x, y) for a Gaussian distribution in δφ with rms value ∆Φ. The answers are analytic: Figure 8 shows plots of Eqn. (A2), and the square roots of Eqns. (A4) and (A5), i.e., the rms values of the sin and cos terms, respectively. The Fourier transform (squared) of the constant term represented by Eqn. (A2) yields the Airy disk function, but with a degraded amplitude given by e −∆Φ 2 . By contrast, the Fourier transforms (squared) of the the randomly fluctuating parts of the sin and cos terms yield a constant white noise background superposed on the degraded amplitude of the Airy disk. The plots in Fig. 8 show how the Airy disk decays and the white noise increases as a function of the rms amplitude of the phase fluctuations ∆Φ.
What this demonstrates is that, as the rms amplitude of the phase fluctuations increases, the Airy disk function representing the point source, is degraded in amplitude but not in shape, and there is an ever increasing background of white noise superposed. Since that white noise is essentially spread over all angles in the image plane, its intensity is negligible, and the image of the point source simply and effectively decays to the point where it blends in with whatever other instrumental or sky background dominates. Ultimately, when ∆Φ approaches π radians, the image would simply vanish. (4) and A(5). The blue curve is the expression (A2) whose square is the amplitude of the Airy disk function that emerges of the point source in the image. The green and red curves are plots of the square root of expressions (A4) and (A5) which dictate the real and imaginary parts of the underlying (or overlying) white noise due to the phase fluctuations in the wavefront. The sum of the squares of all three curves equals unity for all values of ∆φ.
B. CONSTRAINTS ON THE ANGULAR EXTENT OF X-RAY SOURCES
B.1. Inferences about Coherent Imaging with Chandra B.1.1. Coherence in X-Ray Reflection from the Chandra HRMA The Chandra High-Resolution Mirror Assembly ("HRMA") consists of four nested mirrors, each conforming to a Wolter Type I configuration with a paraboloid followed by a hyperboloid 11 . The mirrors range in diameter from 1.2 m to 0.6 m and are polished glass with a 330Å overcoating of Iridium. If the mirrors were perfectly figured, aligned, and polished to molecular smoothness, the diffraction limit would be 0.086 milli-arcseconds at a fiducial wavelength of 5Å. The actual angular resolution, while magnificent at ∼0.7 (80% encircled energy; ∼ 0.5 FWHM; see, e.g., Jerius et al. 2004) , is ∼10 4 times larger than the nominal diffraction limit for a mirror of this diameter. This results from figuring errors, surface microroughness, mirror misalignment, and other more minor effects.
In spite of this huge loss in potential angular resolution, there is, nonetheless, coherent diffraction-limited resolution taking place over small segments of the X-ray mirrors. If this were not the case, then images as good as 0.7 could not be formed. The inferred size, s, of these regions of coherent reflection is given by λ/s ∼ 5 × 10 −6 , or, s 100 µm 0.1 mm at our fiducial wavelength (with s defined as perpendicular to the optical axis). These are indeed very small segments of the mirror, but it is inescapable that there is coherent X-ray reflection occurring that can only be described in terms of physical optics over small segments of the mirror. In other words, the HRMA can be considered to be acting as a collection of small mirrors of ∼0.1 mm in size operating at the respective diffraction limit.
B.1.2. Coherence in the Diffraction from the HETG
The high-energy objective diffraction gratings on Chandra (in particular the high-energy grating "HEG") produce spectrally dispersed X-ray images (Canizares et al. 2005) . It does so by the coherent interference of the X-radiation from one Au bar-space pair in the grating to the next, as well as with numerous neighboring bar-space pairs. The HEG grating period is 2000Å. The spectral resolution of the HEG, λ/∆λ, at ∼5Å is ∼350.
12 This implies, roughly speaking, that the incident X-radiation must have a coherent wavefront over at least 350 grating line pairs, or over a distance of 0.1 mm. In fact, the wavefront of the incident radiation may be coherent over even larger scales, because the spectral resolution is likely dominated by the ∼1 angular resolution of the HRMA that images the spectrum. Thus, the existence of spectral lines in quasars and AGN (e.g., Yaqoob et al. 2003; Kallman et al. 2014) , with the full resolution of the HETG demonstrates a coherence in the wavefront over at least 0.1 mm.
In summary, any quasar image that is produced with Chandra that exhibits the known point spread function and/or spectral lines with the full resolution of λ/∆λ 350 (at λ = 5Å) must have a coherent wavefront over sizes of ∼0.1 mm within the telescope aperture, and this corresponds to a diffraction-limited 'blur' or 'halo' size of 1 . In §3 we showed some examples of the well-formed images of distant quasars. Gravitationally lensed images of quasars have been studied in the optical and radio bands for several decades (see, e.g., Schneider et al. 2006; . Most of the lenses are intervening elliptical galaxies, and there are typically either two or four lensed images of the quasars (Schechter & Wambsganss 2002; Schechter et al. 2004 ). In the latter case ('quad' lenses) there is sufficient information to model the lens in terms of a simple spherically symmetric mass distribution plus a quadrupole perturbation, and still have enough degrees of freedom to check consistency with the image positions and magnifications (see, e.g., Schechter et al. 2004 ). The image positions are straightforward to reproduce, while the three independent flux ratios among the images are often quite far from what the models predict (Schechter & Wambsganss 2002; Schechter et al. 2004 ). The 'flux ratio anomalies', as they are known, are typically attributed to microlensing by individual stars in the lensing galaxy that lie, by chance, within ∼ a micro-arcsec of one of the quad images (Paczyński 1986; Granot et al. 2003) .
The Einstein radius of a star at the cosmological distances of the lensing galaxies and the quasars is typically of the order of a micro-arcsec:
where M star is the mass of the microlensing star, D L and D S are the comoving distances to the lens and to the source, respectively (Hogg 2000) , and z L is the z of the lens. This amounts to 1.7 micro-arcsec for the cosmology we are invoking, a fiducial stellar mass of 0.5 M , and fiducial z values of z S = 1 and z L = 0.3. Furthermore, the optical depth to microlensing through a massive elliptical galaxy can be of the order of unity. This can be inferred from the fact that if ∼10 12 stars are enclosed in a ∼5 radial size, then the surface density of stars is roughly 2 × 10 11 stars per square arcsec. If each one has an Einstein ring cross section of ∼8 × 10 −12 square arcseconds, then the optical depth for microlensing is roughly unity. The stellar microlensing cannot shift the image locations by an amount that is detectable, but can change the magnification due to the macro-lens, i.e., the galaxy as a whole, by substantial factors -in practice, as large as an order of magnitude.
Starting with the launch of the Chandra X-ray Observatory, a substantial fraction of the known quad lensed quasars have been imaged in X-rays (see, e.g., Pooley et al. 2007; Blackburne et al. 2013; Chen et al. 2012; Mosquera et al. 2013) . It was found that the microlensing in X-rays is significantly larger than in the optical band (e.g., Pooley et al. 2007 ). This is attributed to the fact that in the optical band, the angular size of the emission region in the quasar accretion disk is a significant fraction of the size of the Einstein radius of the stellar microlens. By contrast, it is expected that the X-ray emission (which likely has a non-thermal origin) comes from a much smaller region near the inner parts of the disk. Thus, the anomalous microlensing magnification can become somewhat diluted (see, e.g., Mortonson et al. 2005) compared with that in the X-ray band where the emission region is presumably much smaller.
The microlensing magnification arises because the apparent angular size of the emission region in the quasar accretion disk has been enlarged over what it would be in the presence of only the macrolens (see, e.g., Blandford & Narayan 1986; Narayan & Grossman 1989; Narayan & Bartelman 1996) . According to Liouville's theorem, which underlies the interpretation of gravitational lensing, the surface brightness of the quasar emission region is unchanged, and the magnification in brightness results entirely from an apparent enlargement in angular size (see, e.g., Narayan & Bartelman 1996; Schneider et al. 2006; . If we had an optical or X-ray telescope capable of resolving astronomical objects at the micro-arcsec level, we would directly observe the magnification in size, and might well see multiple pairs of micro lensed images due to several stars that contribute. As things stand, we are able to infer the apparent enlargement in size at the micro-arcsec level via the magnification in brightness. For microlensing to occur, effectively a coherent wavefront must be maintained as the quasar light passes the vicinity of each microlensing star. We are able to draw this conclusion because the ultimate mechanism behind the observed microlensed brightening is a magnification in the angular size of the object at the micro-arcsec level.
Thus, the observation of microlensing in gravitationally quad lensed quasars demonstrates that the intrinsic image of a quasar is preserved (i.e., the X-ray wavefront is flat) at the micro-arcsec level while traversing cosmological distances between the quasar and the Earth. Qualitatively speaking, the quasar images are clearly demonstrated not to have cosmologically blurred halos that are at the micro-arcsec level or greater.
B.2.2. Stellar Microlensing of Quasars
One of the most telltale signs of stellar microlensing effects in quadruply lensed quasars is a large change in the brightness of one of the four images on the timescale of months or years. The highly-magnified saddle point image is most susceptible to these large microlensing fluctuations (Schechter & Wambsganss 2002 , Schechter et al. 2004 . We illustrate this with a series of 0.3-8 keV images of PG 1115+080 and RXJ 1131−1231 made from Chandra archival data ( Figure 9 ). In most cases, each panel comprises several observations combined using the CIAO merge obs tool. The images were made using a pixel scale of 0. 0492 and smoothed with a four-pixel gaussian. All images were divided by their merged exposure maps so that the units of each image are counts cm −2 s −1 . The same linear scale is used for each image of RXJ 1131−1231, and the same sinh scale is used for each image of PG 1115+080. The highly magnified saddle point images (A 2 in PG 1115+080 and A in RXJ 1131−1231) clearly demonstrate these microlensing-induced fluctuations. Fohlmeister et al. 2007 ). Middle panels: Chandra X-ray images of the quadruply lensed quasar PG1115+080. The four images were acquired in 2000, 2008, 2009, and 2010, respectively . It is clear from these images that both quasar images A1 and A2 are microlensed (see, e.g., Pooley et al. 2007 ). Bottom panels: A sequence of Chandra X-ray images of RXS J1131+1231 at seven different epochs over the interval 2004 through 2012. It is quite apparent that image B exhibits extreme changes in brightness with time. We attribute this to stellar microlensing (Schechter & Wambsganss 2002 , Schechter et al. 2004 ).
It should be mentioned that while these Chandra data are by far the clearest example of stellar microlensing of distant quasars, the literature contains recent examples of stellar microlensing in the optical and near-IR as well. An example of this is the work of Fohlmeister et al. (2007) , shown in Figure 9 , or Braibant et al. (2014) . Due to the larger size of the emitting region (also of the accretion disk in the case of Fohlmeister et al. 2007 , but in the case of Braibant et al., the broad-line region), the effect is nowhere near as dramatic in the optical/near-IR, but nevertheless, those observations on their own restrict the intrinsic angular size of the optical images to be of the order of micro-arcseconds.
